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Abstract. In recent years, the quest for high critical-temperature superconductors
has increasingly focused on metal and molecular hydrides, which have
demonstrated potential for superconductivity at or near room temperature under
extremely high pressures. Such hydrides were first proposed by N. W. Ashcroft in
1968, because hydrogen-rich materials possess elevated vibrational frequencies
due to the low atomic mass of hydrogen. This article presents a self-consistent
solution to the Eliashberg equations for analysing superconductivity in hydrides,
contrasting with the commonly used McMillan-Allen-Dynes parameterized
formula. We also analyse effects of the electron-phonon spectral function and the
broadening parameters arising from phonon lifetime and sample imperfections on
the superconducting critical temperature. Finally, both theoretical approaches are
applied to a typical metal hydride superconductor, and the reliability of self-
consistent solutions is validated against the experimentally measured critical
temperature.

1. Introduction

Superconductivity was found in 1911 by H. K. Onnes, who observed it in pure mercury at 4.15 K.
For several decades, liquid helium was required to achieve the low temperatures for its study [1].
In 1986, the discovery of ceramic superconductors enabled the use of liquid nitrogen as a coolant
[2-3]. Superconductivity at room temperature has been a longstanding challenge and a dream for
generations of condensed matter physicists. In 2015, metallic H3S was identified as the first
hydride superconductor with a critical temperature (7, ) of 203 K under a pressure of 200 GPa
[4]. Stimulated by this experimental breakthrough, other high-pressure hydride superconductors
were found, such as YH1o [5], LaH10 [6], ThH10 [7], YHe [8], and CaHs [9]. These compounds share
a common high density of hydrogen atoms, as suggested by N. W. Ashcroftin 1968 [10].

On the theoretical side, the first microscopic theory of superconductivity was developed in
1957 by ]. Bardeen, L. Cooper, and J. R. Schrieffer (BCS) [11]. Three years later, G. M. Eliashberg
[12] refined this theory by explicitly incorporating phonon dynamics and retardation effects,
which gave rise to an electron-phonon spectral function o?F(0) that can be experimentally
determined via tunnelling spectroscopy [13] and angle-resolved photoemission spectroscopy
(ARPES) [14]. In 1968, W. L. McMillan found an analytical solution to the linearized Eliashberg
equations [15], which was further improved by J. V. Allen and R. C. Dynes through fitting the 7. of

many superconductors known at that time [16].
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Nowadays, the McMillan-Allen-Dynes formula is widely used to calculate the superconducting
T...For example, both the critical temperature and external pressure required for the first hydride

superconductor H3S were successfully predicted by the mentioned McMillan-Allen-Dynes
formula, using o*F(w) obtained from the Density Functional Theory (DFT) [17]. In the present

article, we present a self-consistent solution of the Eliashberg equations that determines the T,

by imposing the condition of vanishing superconducting gaps in Matsubara space. As an example,
we apply this solution to calcium hydride CaHs, whose a’F(w) is computed using the Quantum

ESPRESSO software within the Density Functional Perturbation Theory (DFPT) framework [18].
This self-consistent solution of 7, is contrasted with that obtained from the McMillan-Allen-

Dynes formula, as well as with the experimental data. In the next section, we will introduce the
Eliashberg theory based on the Green's function and Matsubara imaginary frequencies.
2. Short derivation of Eliashberg equations

In 1958, A. B. Migdal created a formalism for electron-phonon interaction in metals using Green'’s
functions and imaginary time [19]. Two years later, G. Eliashberg extended this formalism to the
superconducting state, explicitly considering phonons as mediators of electron pairing [12]. In
the same year, Y. Nambu reformulated Migdal’s formalism using 2x2 matrix notation for the

Green's function (G‘ ) in terms of the Matsubara imaginary time (7 =i¢) given by [20]

L L <T84 () 0)>  <T.¢.,(1)¢ ; (0)>

Glk,r) == <1, ¥, @0 >=- " A (1)
<T,cﬁ,;’¢(r)c,;ﬁ(0) > <TTC7/;’¢(T) ¢ (0>

where 7. is the Wick operator that arranges the imaginary time, ‘i’;(r) = (ékT (1), ¢, ¢(r)) is a

two-component field operator, and é;g(é“) is the creation (annihilation) operator of single

electron in the Bloch state (/;,O') with spin o € {1 |} . Notice that off-diagonal elements in Eq. (1)

are associated with Cooper pairs, while the diagonal ones describe the normal state.

In atomic units with kz= % =1, the Fourier transform of Green's function in Eq. (1) is [21,22]

G(k,7) =% i e Ghi,), (2)

n=-w

where S=1/T, ®,=2n+1)z/f is fermion Matsubara frequency with n an integer number, and
Gkio,)=| Oﬁ dr e Gk, 7). 3)
The Dyson equation for é(lg,imn) can be written as [23]
G \(k,io,) =G, (k,io,) - 2(k,io,) 4)

where G,(k,io,)=[io,0, —&(k)o,]" is the Green's function for electrons in normal state with &(k)
the electronic dispersion relation and £(k,io,) is the self-energy written as a 2x2 matrix in
accordance with Eq. (1). This self-energy can be expressed as [24]

i(lg,i(on) =im [1- z(lg,ioon)] o, + y(k,io o, +¢(k,io ) o, +d(k,in) o, (5)
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where Z(lg,icon) is the mass renormalization function, ;((lg,i(nn) is the energy shift, ¢(l€,ic0n)

and @(k,i ) are the order parameters, and

1 0 0 1 0 —i 1 0
O'O:OI,O'I:IO,O'Z:i 0 and0'3:0_1. (6)

Substituting Eq. (5) into Eq.(4), we obtain

G(k,iw,) = (i, 2(k,i0,) 0y + (8(6)+ 2(K i) o3+ 9K 0, )0, + (K o )0y |, (7)

1
det(G™)
where gand ¢ are off-diagonal elements of the Green's function and
det(G™) = (io, 2~ [e(k)+ 2T = ¢* 4" 8)

Performing an analytical continuation i®, — E+id, the poles of Green's function G(E,imn) in

Eq. (7) obtained from det(G™") = 0 are located at [21]

B - \/[s(éij 2, ¢ZZ+2¢32 _ \/[sa?;z]z Haf, ©
where A is the superconducting gap given by
AR i) = "’(’;’i“:z)];ji’fn()’g”'mfl) . (10)
Following the Migdal's theorem, self-energy in Eq. (4) can be written as [19,24]
S(kiw,) =5, (ki) +Z.(k,io,), (11)
where the electron-phonon contribution is
>, (kio,)= %%/qé(/g',imn,)%; gDk -k io, —iw,) (12)
and the Coulomb contribution is
3 (ki) = —% Y oGk o, ) o V(K =), (13)
K

being g ,. the electron-phonon interaction matrix and
20, (k — k')

D.(k—-k,io —io)~DO%k -k io —io )= —
! nmion) = Dy ) (io,—io,) ~[o,(k - k)]

(14)

is the correlation function for harmonic phonons with wave vector ¢ = k-k', angular frequency
®,(g) of phonon branch v, and bosonic Matsubara frequency Q, =o,—®, =2mz/f [21].In Eq.
(13) Gk im,) = (0, + §o,)/det@ ") is G(K',iw,) with null diagonal elements and V(k — k') is the
screened Coulomb potential.

Given that o,, 0,, 0, and o, are linearly independent, substituting Eqgs. (5) and (7) into Eq.
(11), we obtain the famous Eliashberg equations [12,25]
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o, [1-z(k,io,)] = kz a t(G ) i)
: , 15
y(k,io,)= ,5/;; det(G‘l) " io,) (15)
. _i (D(];,’imn') . > a_ r
@(k,lm,,)_ﬁ%—det(G_l) {Z —iw,)+V(k k)}

where @ represents ¢ or 4. In the following, we choose the gauge where ¢ = 0. Thus, Eq. (10)
becomes A(l;,iw”) :¢(l€,icon)/z(lg,im”), which has a nontrivial solution (A(l;,imn) # O) from
Egs. (15) for each temperature and then, the highest temperature corresponds to 7.

On the other hand, the Eliashberg spectral function «’F(0) averaged over the Fermi surface
can be written as [25]

o *F ()= N(O) (g(k))&(e(k’))&(m —o,(k - k). (16)
Hence, the electron-phonon coupllng parameter is given by:
© 2
Mio,-i0,) = [ 22O (a7

0 (('On_ 0)11’)2+ ('02
Since superconducting pairing predominantly occurs within a narrow energy window around
the Fermi level, it is common practice to simplify the Eliashberg equations by restricting them to
electronic states close to the Fermi energy, which leads to y(k,io,)=0 [24]. Now, substituting
Egs. (14), (16) and (17) in Egs. (15), we obtain isotropic Eliashberg equations given by
- 7 o,
z(io,)=(z(k,in,)) = =1+ 2
| e ®, B Z J©,)+ Aio,)
<¢(k >g(k) o 7 A(io,)
2i0,)  20)8F J,)+Ao,)

Aliw,—io,)
(18)
Alio,,) =

[AGo,~i0,)-u"]

~_ isthe dimensionless Coulomb interaction parameter.
e(k),e(k')=0

where "= N(O)<I7(l€ - 13')>

3. Results
First-principles calculations in this article were performed in two stages: (i) Geometry

optimization using CASTEP within Materials Studio framework [26] and (ii) Calculation of o*F(w)

via Quantum ESPRESSO (QE) package [18]. Both stages utilise the Perdew-Burke-Ernzerhof
exchange-correlation functional [27] with CASTEP norm-conserving [28] and QE projector
augmented-wave (PAW) [29] pseudopotentials. To numerically evaluate the delta functions in Eq.
(16), we introduce phonon (7,,—0) and electron-phonon interaction (7,_,, — 0) broadening

parameters to include structural disorder and finite phonon lifetime effects [30]. Table 1
summarises key computational parameters used in this study.

Figure 1 shows the Eliashberg spectral function o’F(o) for CaHg at 200 GPa with a cubic Im-
3m structure illustrated in the inset for x*=0.1, 7., =0.03 Ry (red circles) and 7,,_,;, =0.006

Ry (violet squares). Notice that the main peaks of o*F(w) confirm those reported for CaHg at 150
GPa [31] and at 200 GPa [32,33], as well as the appearance of sharp peaks as 7,,_,, diminishes.
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Table 1. Summary of the parameters used in numerical calculations

o . )
Physical quantity Geometry optimization Spectral function «°F(w)

(DFT by CASTEP) (DFPT by QE)
Total energy tolerance 5.0x10¢eV/atom 10-15Ry
Maximum force tolerance 0.01eV/A
Maximum stress tolerance 0.02 GPa
Maximum displacement tolerance 0.0005 A
Plane-wave energy cutoff 850 eV 77 Ry
Broadening method Marzari-Vanderbilt
Phononic broadening Mo 0.18 THz
Electron-phonon interaction broadening 77,,_,, 0.006-0.045 Ry
Separation or number of k-point for electrons 0.07 A1 90x90x90
Number of g-point for phonons 9x9x9
S T G U] €U BT R ORI O T G G O v ur o v wr ) g
o . 9 CaHg unit cell 3
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Figure 1. Eliashberg spectral function of CaHs, whose unit cell is shown in the inset, for x#*=0.1

with broadening parameter 7,,_,,=0.03 Ry (red circles) and 7,,_,,=0.006 Ry (violet squares).

The superconducting gap A(io,) obtained from Egs. (18) is plotted in Figure 2 as a function
of Matsubara frequencies (o, ) for £°=0.1, ,,_,,=0.021 Ry and several temperatures from 25 K
to 223 K, where a,, is the Debye frequency. These A(i®,) were obtained by self-consistently
solving Egs. (18), which consists of assuming an ansatz of {A(imn) |n= 1,---,00}, calculating the

new {A(i(on )} via Egs. (18), and repeating this procedure until the difference of two consecutive

solutions is smaller than a tolerance value. Observe that the magnitude of self-consistently
obtained A(i®,) reduces with increasing temperature. Hence, the critical temperature 7. can be

defined as the minimal temperature at which the superconducting gap A(i®,) vanishes for all
Matsubara frequencies.
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Figure 2. Superconducting gap (A) versus Matsubara frequencies (©») for 7, ,,=0.021 Ry,

el-ph
#"=0.1, and temperature of 25 K (orange up triangles), 150 K (green down tringles), 180 K
(gold squares), 210 K (blue rhombus), and 223 K (red circles).

Figure 3 shows the variation of 7. as a function of the electron-phonon interaction broadening

parameter (77,,_,, ), obtained from the self-consistent solution (red circles) in comparison with

—ph
those (gold triangles) of the McMillan-Allen-Dynes formula [16], both contrasting to the
experimental data (blue dashed line) [9]. Note that the self-consistent solutions generally
overestimate 7, in comparison with the McMillan-Allen-Dynes formula [34], and in this case they

are closer to the experimental data.
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Figure 3. Superconducting critical temperatures versus 7,_,, obtained from the

self-consistent solution (red circles) and from the McMillan-Allen-Dyne formula
(gold triangles), in comparison with experimental data (blue dashed line) [9].
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4., Conclusions

In this article, we have presented a self-consistent solution for the critical temperature 7. to the

isotropic Eliashberg equations for s-wave superconductors by requiring the null Matsubara-space
superconducting gaps, as schematically illustrated in Figure 2. This solution has the advantage of
being simple and does not require experimental input. We further applied this self-consistent
method to calcium hydride (CaHg) under a pressure of 200 GPa, performing an ab-initio DFT plus

DFPT calculations to obtain the Eliashberg spectral function azF(m) for different broadening
parameters. Using this spectral function, we self-consistently solved Egs. (18) to determine 7,

which exhibits better agreement with the experimental data compared to those obtained from the
semi-empirical McMillan-Allen-Dynes formula.

In general, the self-consistent solution of the Eliashberg equations provides a reliable approach
to predict 7. of conventional superconductors, including hydrides under high external pressures.

However, such solutions often overestimate 7, and they sensitively depend on the electron-

phonon interaction broadening parameter, whose minimum reliable value is determined by the
numerical calculation accuracy, particularly by the density of the k- and g-meshes respectively in
the first electronic and phononic Brillouin zones. The present study can be extended to analyse
anisotropic superconductors via Egs. (15), especially when the Fermi energy lies close to van Hove
singularities.
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